Groups

Groups and subgroups

Definitions

A group G is a set equipped with an associative binary operation, an identity element for this

operation, and which has inverses. A subgroup H < G is a subset closed under the group

operations. It is sufficient that H be non-empty and closed under (x,y) — zy~'.

If H < G then G/H = {gH | g € G} is the set of left-cosets of H. The left-cosets partition G
into subsets of equal size.

Lagrange’s Theorem
If H is a subgroup of the finite group G then the order of H divides the order of G, i.e.
G| = |H]-|G/H].

Note that while the condition a | |G| is necessary for the existence of a subgroup of order a, it
is not sufficient.

Group homomorphisms

A group homomorphism 0 : G — H is a map preserving the group structure, i.e.

(1) = 1
O0(zy) = 0(z)6(y)
O(z 1) = 6(x)~?

for every x,y € G. Tt is sufficient to check that 8(xy=1) = 0(z)0(y)~ .

Normal subgroups

A subgroup H of a group G is normal if gHg~! = H for all g € G. We write H < G to mean
H is a normal subgroup of G. A group G is simple if it has no non-trivial subgroups (i.e. other
that 1 < G and G < G).

For example, any subgroup of index 2 is normal. In particular, A, < S,. A, is simple for all
n > 5 — we shall prove this later for the case n = 5.

A subgroup H < @G is normal iff the map (aH,bH ) — abH is well-defined. Then G/H is a group
with this operation and the quotient map G — G/H is a group homomorphism.

Kernels

If 0 : G — H is a homomorphism, then ker(f) = {a € G |0(a) = e} < G. Also, if H < G then
H is the kernel of the quotient homomorphism G — G/H, so a subgroup H < G is normal iff
it is the kernel of some homomorphism G — K for some group K.



Universal property

Suppose N < G and 6 : G — H is such that N < ker(¢). Then there is a unique map
0 : G/N — H such that the diagram

commutes.

The isomorphism theorems

1st Isomorphism Theorem

Let 6 : G — H be a group homomorphism. Then kerf) < G and Im6# < H, and there is an
isomorphism 6 : G/ ker # — Im @, so that 6 factors as

G H
|
G/ker9—>§ Imé

2nd Isomorphism Theorem

If H <G and K < G then

e HK < (@
e K «<HK and HNK < H
e HK/K *H/HNK.

Proof

Consider the surjective homomorphism 6§ : H — HK/K defined by 6(h) = hK, with kernel
H N K, and apply the 1st Isomorphism Theorem.

3rd Isomorphism Theorem

If N < G then H — H/N is a bijection between

e the intermediate subgroups H with N < H < G
e the subgroups of G/N.
Under this bijection a normal subgroup K < G with N < K < G corresponds exactly to

K/N < G/N and
(G/N)/(K/N) = G/K.



Group actions

Definitions

A (left) action of a group G on a set X is a map G x X — X, (g,x) — g -z, such that
e-x=ux
g-(h-z)=(gh) =
for all g,h € G and all x € X. A group action induces a homomophism ¢ : G — Sx given by
¢(9)(x) —g- .
The action is called faithful if ker ¢ = {1}.
Orbits

Let G be a group acting on a set X and let x € X. Then the orbit of x under the action is

Orbg(z) =0(zx) ={g9-z|g € G} = Gux.

The orbits of the elements of X are equivalence classes under the equivalence relation x ~ y iff
g-x =y for some g € G. The group action is said to be transitive if there is only one orbit.

Stabilizers
If G acts on a set X and = € X then the stabilizer of x under G is
Stabg(z) =Gz ={9 € G| g -z =z}

This is a subgroup of G. The stabilizers of elements in the same orbit are conjugate to one
another. In fact
Stabg(g - ) = g Stabg(z)g ™ .

Orbit—Stabilizer Theorem
Suppose G acts on X and z € X. Then there is a bijection O(z) — G/G5 and hence

|G| = |Gzl - [O(2)].

Proof
Consider the map O(z) — G/G, defined by

g -z — gGy.
Then
g x=h-z <+ (hlg).z2=20 = hlgcG, <<= ¢G,=hG,,

and so this map is well-defined and injective. But it is clearly surjective and so it is a bijection,
as required.



Conjugacy actions

Definition

The conjugacy action of a group G on itself is given by

(9.h) — ghg™".

Conjugacy classes

The conjugacy class of h € G is the orbit of g under the conjugacy action, i.e.
ccl(h) = {ghg™' | g € G}.

This is {h} iff h € Z(G).

The conjugacy class of H < G is the orbit of H under the conjugacy action on subgroups, i.e.
ccl(H) = {gHg " | g € G}.

Thisis {H} if H < G.

A subgroup is normal iff it is the union of conjugacy classes of its elements, since a subgroup is
normal iff it is ‘closed under conjugation from outside’.

Centralizers and normalizers

The centralizer of h € G is the stabilizer of h under the conjugacy action, i.e.

Ca(h) ={g € G|ghg™" =h}.

The normalizer of H < G is the stabilizer of H under the conjugacy action on subgroups, i.e.
Ng(H)={9€G|gHg " = H}.
The normalizer of H is the largest subgroup containing H in which H is normal, H < Ng(H).

The centre
The centre of G, written Z(G), is the kernel of the conjugacy action, i.e.
Z(G)={g€G|ghg™ ' =hforall h € G}
={g € G|gh=hgforall heG}
= ﬂ Cal(9)-

geG

The centre of G is normal in G. The conjugacy action is faithful iff Z(G) = {1}.



Permutation groups

Recall

There is a homomorphism € : S,, — {£1} with kere = A,,, the set of even permutations.

The conjugacy classes of elements in 5, correspond to the cycle types of elements in S, i.e. the
conjugacy class of x € .S, is precisely the set of element of S,, with the same cycle type as x.
Theorem

As is simple.

Proof

Observe the following:

1. Suppose that H < S,,. Then either

(a) H<A,,or

(b) H £ A,, in which case let 7 € H \ A,,. Then 7 is odd and so for any o € H, we
either have 0 € HN A,, or 7~ '¢ € HN A,,. Hence o is in one of the cosets H N A,
or 7(H N A,), and so H N A, is a subgroup of H of index 2.

2. Suppose S, acts on aset X. Let z € X and let H = Stabg, (z). Then HNA,, = Staby,, ().
Now by the Orbit—Stabilizer Theorem we have

| Orbs, ()| = [Snl/|H]
| Orba, (2)] = |Anl/[H 0 Ap|.

By by the above point, either H < A, in which case we have | Orby, (z)| = 3| Orbg, ()|,
or H £ Ay, in which case | Orby, ()| = | Orbg, (z)|.

We now consider the sizes of the conjugacy classes of elements of A5 in S5 and then in As.

Cycle type Size in Sy Size in As
e 1 1
(123) 20 20
(12)(3 4) 15 15
(12345) 24 12, 12

1. |Cs,((123))] =120/20 =6, so Cs,((123)) =((123),(45)) £ As and the orbit does not
split.

2. Since 15 is odd, the orbit of (12)(34) cannot split.

3. 1Cs,((12345)) =120/24 =5, s0 Cs,((12345)) =((12345)) < As and the orbit
splits in As.



Now consider that a normal subgroup contains e and is a union of conjugacy classes. But, by
inpection, no sum of 1 and any subset of 20, 15, 12 and 12 divides 60, so As has no normal
subgroups and hence is simple.

Remark

The icosahedral group R — the group of symmetries of the icosahedron — is isomorphic to As.

For we can show that |R| = 60 and R acts faithfully on the 5 “co-ordinate axes”, giving an
injective homomorphism R < S5. But then if R were not equal to A5 we would have RN As
an index 2 subgroup of As, contradicting the simplicity of A5. So R = As, as claimed.

Classical groups

For any field F we have the following groups:

e GL,(F) = { invertible n x n matrices over F }

e SL,(F) = { n x n matrices over F with determinant 1 }

e PGL,(F) = GL,(F)/Z, where Z = Z(GLy,(F)) = {\ | A € F*}

e PSL,(F) =SL,(F)/Z, where Z = Z(SLy,(F)) = {\ | \" =1}
These are called the (projective) general and special linear groups.

If F = I, is a finite field, then these four groups are finite, and we may easily calculate their
orders. In general, PSL, (F) is simple and non-abelian. The exceptions are when n = 2 and
F= ]FQ or F3.

Abelian groups

By convention we use additive notation when dealing with abelian groups. In fact, an additive
abelian group is precisely a Z-module.
Definition

An abelian group A is finitely generated if there is a finite set of elements ay,...,a, in A such
that any a € A may be written as a finite sum a = > \;a; of the a;.

Note that Q is not finitely generated as an additive abelian group.

Structure theorem

Any finitely generated abelian group A can be written
A2ZF L) Z& - S L/dnTZ
with dy | da | -+ | dm. If A is finite, then it may be written as
AZZ/d\Z® - ®L)dnT

or alternatively, by the Chinese Remainder Theorem, it may be written as a product of cyclic
groups Z/p™Z of prime power order.



p-groups and the class equation

The class equation

Consider the conjugacy action of G on GG. The orbits under this action are the conjugacy classes.
Suppose the distinct conjugacy classes are Gy, ..., Gy. Then h is called the class number and if
we let

n; = ‘G,’ = |G : CG'({L'Z)’
where z; € G;, then we have the class equation
Gl =m1 4+ m
By convention, G; = {e} and so we have

\G|:1—|—n2—|—---+nh.

Theorem

If |G| = p™ then |Z(G)| > 1.

Proof

Otherwise the class equation is
pt=14+nas+---+np

where, by the Orbit—Stabilizer Theorem, p | n; for each i > 2.

Corollary

Any group of order p? is abelian.

Proof

If |G| = p? then by the theorem above |Z| = p or p?. If G = Z then G is abelian, so assume
that |Z| = p. Then G/Z is cyclic, with generator xZ, say. But then G = (z,Z), and so G is
abelian since x commutes with every element of Z.

Corollary
If |G| = p™ then there is a sequence
1=20<Z1<Zy<---<Zp =G
with each Z; < G and with
Zin )% = Z(G/Z;).

Proof

Set Zyp =1 and Z; = Z(G) and then inductively choose Z;;1 such that Z;y1/Z; = Z(G/Z;). By
the theorem above this series is strictly increasing and so terminates.



Theorem (Cauchy)

Suppose a prime p divides the order of a finite group G. Then G contains an element of order p.

Proof
We proceed by induction on |G|. The base case is |G| = p, in which case G = C), and we're

done. Now for the inductive step. One of the following possibilities occurs:

e Z(G) # 1. Then Z contains an element z, say, of prime order q. If ¢ = p, we're done.
Otherwise |G/{(q)| = |G|/q, so p | |G/(z)| and so by the induction hypothesis there is an
element b(z) € G/(z) of order p. Then bP € (z) and so b has order p or order pq, whence
b? has order p and we are done.

e Z(G) = 1. Let Cy,...,Cy be the non-{e} conjugacy classes. Consider the centralizers
C(z2),...,C(xp) < G. Then we claim that p divides some |C(zg)|, and so we're done by
the induction hypothesis. For suppose not. Then p divides each ns,...,n, and we have
p| |G| =1+ ng+---+n, — a contradiction.

Definition

A p-group is a group all of whose elements have order p* for some k.

Corollary

A finite group is a p-group if and only if it has order p™ for some n.

Sylow’s theorems

Sylow p-subgroups
Suppose that |G| = p™s with p t s. Then a subgroup H of G is a Sylow p-subgroup if |H| = p™.

Sylow’s Theorems

Let G be a finite group, with |G| = p"s where p{s. Then

1. Sylow p-subgroups of G exist.
2. Any two Sylow p-subgroups of G are conjugate.

3. If there are n, Sylow p-subgroups of G, then n, =1 (mod p).

Remarks

It follows that ny, is the index in G of Ng(P), for some Sylow p-subgroup P of G. But then
since P < N¢(P) we see that p" | Ng(P) and so ny, | s.

Moreover, if n,, = 1 then the unique Sylow p-subgroup is normal in &, and hence G is not simple.



Proof

1& 3. Let X ={X CG||X|=p™} and let G act on X by left multiplication.

Pick X € X and let H = Stabg(X). Then HX = X, so X is a union of right cosets of
H and hence H has order p* for some k. So either p | | Orb(X)| or else |H| = p™ and
| Orb(X)| = s. Hence if n,, is the number of Sylow p-subgroups, we have

X = O] + nys,
where p | |O;] for each i. Thus |X|=n,s (mod p). But considered modulo p
(z+y)’ = 2"+ ¢
= @y ="y
= (z+yP" = (2" 4 y?")" = 2P" o osaP" T

s

and so |X| = (l;m) = s (mod p). Therefore nys = s (mod p) and so n, =1 (mod p).
2. Let P and @ be Sylow p-subgroups of G, and let P be the conjugacy class of P in G. Then

G|
Pl =
[Nea(P)|
and since P < Ng(P) we have that p™ | |[Ng(P)| and so |P| | s.

Consider the conjugacy action of @ on P. The order of a Q-orbit divides |Q| = p™ and so
p divides the order of all Q-orbits except those of order 1. But

> 10i| = |P|

and so since p{ s there must exist a Q-orbit {P’'} of order 1.

Now P’ <4 Ng(P') and Q < Ng(P'). It follows by the 2nd Isomormorphism Theorem that
P'Q < Ng(P') <G
and

PQl_ Q)
Pl T PnQl

Now the left-hand side is not divisible by p and so neither is the right-hand side. Hence
the right-hand side is equal to 1, so P’N@Q = @ and so Q < P’. But then Q = P’ since
both are of order of p™, and so @ € P, as required.

Corollary to the proof

Any p-subgroup of G is contained in some Sylow p-subgroup.

Proof

As above, taking P a Sylow p-subgroup and @) an arbitrary p-subgroup.



Rings and Invariant Theory

Rings

A ring' R is a set equipped with two binary operations + : Rx R — Rand - : Rx R — R
such that R is an abelian group under + and X is associative, commutative and has an identity
element, and such that the distributivity laws

a-(b+c)=(a-b)+ (a-c)
(a+b)-c=(a-¢c)+(b-c)
hold for all elements a, b, c € R.

If R is aring, x € R is a unit if it has a multiplicative inverse, i.e. if there exists £ € R such
that xx = Zx = 1. The collection of units in R form a multiplicative group, denoted R*.

A ring R is a field if R* = R\ {0}.

Remark

If R is a ring with 1 = 0, then R = {0}, the zero ring. Note that {0} is not a field.

Ring homomorphisms

A ring homomorphism 6 : R — S is a map preserving the ring structure, i.e. such that

6(0) =0
o(1) = 1
O(a+b) =0(a)+6(b)
0(—a) = —0(a)
0(ab) = 0(a)b(b)

For any ring R, there is a unique homomorphism ¢ : Z — R.

For any ring R, there is a unique homomorphism 6 : R[X] — R such that # maps R to R and
X to a. 0 is the evaluation of the polynomial at a.

Subrings

A subring S of aring R is a subset which contains 0 and 1 and is closed under the ring operations.
If S is a subring of R then the inclusion S — R is a ring homomorphism. Further, if 6 : R — S
is a ring homomorphism then Im @ is a subring of S.

Ideals

An ideal I < R in a ring R is a subset which contains 0 and is closed under addition and
multiplication from outside. An ideal I < R is proper if I # R.

! Actually, this is a commutative ring — all the rings we will deal with are commutative.
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Note that for any ring R, R << R and {0} < R. Also note that if an ideal I < R is also a subring
of R, then 1€ I and so I = R.

If a € R then (a) = (a) = {ra|r € R} < R is the principal ideal generated by a.

If ai,...,a, € R then (a1,...,a,) = {d>_ria;|r; € R} < R is a finitely generated ideal in R.
IfI,J9RthenINJ, I+J={a+blacl,beJ}and IJ ={> " aibi|a; € I,b; € J} are
all ideals in R.

Characteristic

Recall that for any ring R there is a unique homomorphism ¢ : Z — R. Then ker ¢ <1 Z and so
ker ¢ = (n) for some n =0,1,.... Then n is the characteristic of the ring R.

Quotient rings

If I < R then the cosets R/I = {a+ I |a € R} form a ring — the quotient ring. The quotient
map q: R — R/I is a ring homomorphism.

Isomorphism theorem

If6: R — S is a ring homomorphism then kerf < R, Im 6§ < .5 and there exists an isomorphism
0 : R/kerf — Im#@ so that 0 factors as

R _, S

l I

R/kerf —2— Im

Fields and integral domains

Recall the definition of a field.

A integral domain is a ring R if 0 # 1 and whenever ab =0 in R then a =0 or b = 0. Any field
is an integral domain.

Any finite integral domain is a field, as for any a # 0 € R the map given by left-multiplication
by a is a group homomorphism with trivial kernel, so it is injective and hence bijective, and so
a has an inverse.

If R is an integral domain then so is R[X] — consider the leading term of the product of two
polynomials in R[X].

The remainder theorem

If Ris aring, f(X) € R[X] and a € R such that f(a) = 0, then

f(X) = (X —a)g(X)

for some g(X) € R[X].

11



Proof

If
f(X) =ap+ a1 X +as X%+ + a, X"

and f(a) =0, then
0=ap+aja+aza® + -+ apa”

and so subtracting we get
FX) = a1(X —a) +az2(X? —a®) + - + an(X" — a")
=X —a)+aX —a)(X+a)+ - Fa, (X —a)( X" 4. +a"
= (X —a)g(X)
for some g(X) € R[X].

If R is an integral domain then a polynomial of degree n in R[X] has at most n roots. This is
proved by induction on n, using the remainder theorem and the fact that if

f(X) = (X —a)g(X)

then any root of f is either a or a root of g(X) (since R is an integral domain).

Theorem

A finite subgroup of the multiplicative group of units of a field (or integral domain) is cyclic.

Proof
Let K be a field and let G < K* with |G| = n.

1. Let m be the lowest common multiple of the orders of the elements of G. By Lagrange’s
Theorem m | n. But all the elements of G are roots of the polynomial X™ — 1 in K. But
X™ — 1 has at most m distinct roots, so m > n and so m = n.

2. From the structure theorem for abelian groups we know that G = Cy, ® Cy, @ --- ® Cy,
for dy | da |-+ |dg. So if the

The field of fractions

Definition and proof of existence.

Maximal and prime ideals

Definitions. Equivalence to quotient ring being a field or integral domain.
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Principal Ideal Domains

Definition.

Euclidean domains

Definition. k[X] is Euclidean. Euclidean = PID.

Primes and irreducibles

Definitions. In a domain, prime = irreducible. In a PID, irreducible = prime.
Definition of a Noetherian ring. Any PID is Noetherian.

Factorization into irreducibles is possible in a PID.

A PID is a UFD.

In a PID, a non-zero prime ideal is maximal.

Unique Factorization Domains

The content. Gauss’ Lemma and Eisenstein’s Irreducibility Criterion.

If R is a UFD then so is R[X].

Noetherian Rings

Hilbert’s Basis Theorem: If R is noetherian then so is R[X].

13



Invariant Theory

Idea

We have a vector space V over k and a group G of k-automorphisms of V. We want to find
invariants, i.e. functions f : V'™ — k such that

flgui, ..., gum) = f(vr, ..., 0m).
In other words, f is a function which is constant on the orbits of the G-action.

More abstractly, we have a ring R (of functions on V™) and an action of G on R, and we seek
to characterize
RY={a € R|ga=aforallgec G}.

We will usually have m = 1, V =2 C" and R = C[X},..., X,,] the ring of polynomial functions
on V.

Examples
1. The group G = S,, acting on the polynomial ring C[ X7, ..., X,].
The invariant ring is generated by the elementary symmetric polynomials, and so
(C[Xl, ceey Xn]S" = (C[el, ce ,en],
where e; is the ith symmetric polynomial. This is a polynomial ring in the e;.

2. The group G = C), generated by the matrix <g C91 ) acting on C[X,Y] by

C 0 . T S T S, r—S8S
<o = D A XY > A XY
The only monomials fixed by every g € G are of the form X"Y* where n | r —s. Any

linear combination of these monomials is an invariant. Any such monomial is either

XTykn-H” — (Xy)'r‘(Yn)k
or  XMTYs — (XY)*(X™)F,

i.e. is a polynomial in XY, X™ and Y"™. Therefore
C[X,Y]% = C[XY, X", Y™"].

This is not a polynomial ring, since (XY)" = X"Y™.

¢ 0
0¢?

(? é) : Z As XTYS — Z A X5V

3. The group G = Dy, generated by a matrix ( ) as before and the matrix (}), where
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For any invariant we must have (in addition to the constraint in (2)) that A,.s = A, for all
r and s. Thus we have the linear combinations of

Xy"
XY+ X°Y" where n | r — s.
But (X"Y") = (XY)", and something of the form X"Y* + X*Y", with n | r — s is of the

form
(Xy)r(an + Ykn)‘

But now observe that
XD oy (ktbn — (xn pymy(xke Loykny _(xy (xR gy (k=bn
and so the invariant ring is
C[X,Y]P = C[XY, X" +Y™"].

This is a polynomial ring.

Better explanation at start of lecture 13.

Remark

h € RC iff all the homogeneous parts of h are in RC.

Main result

If G is any finite subgroup of GL, (k), with k of characteristic zero, then
RY =C[Xy,..., X,

is finitely generated.
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Symmetric functions

The symmetric group acts on C* by permuting coordinates. Write A = C[X1, ..., X,,]°" for the
ring of symmetric functions.

Theorem

A=C[X1,...,X,]%" =Cley,...,en],
where e; is the ith elementary symmetric function. Further, Cley,...,e,] is a polynomial ring.
Proof

Put the (reverse?) lexicographic ordering on the monomials, so
X[ X > X5 X

iff the first ¢ with r; # s; has r; > s;. For f € C[Xq,..., X,], let hm(f) be the highest monomial
in f with respect to this ordering. Then

o If f € A then hm(f) = X{*--- X" hasry > 19 > -+ > 1.

e hm is multiplicative: hm(fg) = hm(f) hm(g) for all f,g.

Therefore hm(ef? - - - ehn) = X1t Fhn xhatothn . xhn

Let f € A be a homogeneous polynomial. Let hm(f) = X' ---X]». Then let ¢ = f —
ael' e " ...efn. So g € A with hm(g) < hm(f). By induction on hm(f) we see that
fe (C[el, R ,en].

Now, suppose that h(Z,...,Z,) is a non-zero polynomial. Consider the monomial Zfl D
in h such that
Xfl+"'+kn - X’Sn

is greatest. Then in h(ey,...,e,) the highest monomial is

and so h(ep,...,e,) # 0. Thus Cley,...,ey] is a polynomial ring.

Symmetric powers

The symmetric powers are p; = X! + --- + X}. We can obtain recurrence relations for these.
Note that

n

E(t):H(l—l_Xit):1+61t+"'+entn.

Now consider

&g
—
o~
S~—
3

X
+ Xt

= p1 — pat + pst® — - -

—_



Thus

E'(t) = (e1 + 2eat + 3egt® +---) = (p1 — pat + p3t* — - )(1 + ext + eat® +
So
€1 =D
2e9 = p1ey — po
3e3 = p1ea — pae1 + p3
and so on.

The alternating group
We want to find the invariant ring of A, < .5,.

see lecture notes.
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Noether’s method

This is a method for finding a finite generating set for an invariant ring. Let k be a field of
characteristic zero, let R = k[X1,...,X,] and let G be a finite subgroup of GL, (k) acting on R
as explained. Let N = |G|. Consider the following.

1. Take any a € R. Consider the polynomial in R][t]

pa(t) = [[(t = ca) =tV — et 4 etV 2 —
ceG

and the ¢; are the elementary symmetric functions in the conjugates (ca),ecq of a. Clearly
ci € RE.
2. The (Reynolds) averaging operator p is defined by
=
pla) =+ oa.
oceG
p: R — RY as is additive. Also, if @ € R® and b € R then p(ab) = ap(b), i.e. p is
RC-linear, since
1 1
plab) = N Z o(ab) = N Z o(a)o(b) = ap(b).

oelG oeG
Then the following give a generating set of invariants

1. The coefficients ¢; of the polynomials py, (t)

2. Elements p(X7*--- X)) for all monomials X{*--- X/ with maxr; < N.
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