Number Fields

Introduction

A number field is a field of finite degree over Q. By the Primitive Element Theorem, any number
field K = Q(«) for some a € K.
The minimal polynomial

Let K be a number field and let & € K. The unique monic, irreducible polynomial f € Q[X]
of smallest degree such that f(a) = 0 is called the normalised minimal polynomial (NMP) of «
over Q.

Norm and trace

For any number field K and any element § € K, multiplication by ( defines a Q-linear map
i(8) : K — K. i is an injective ring homomorphism K — Endg(K). Let

Ps = det(XT — i(8)) € QIX]

be the characteristic polynomial of i(3). Then Pg(3) = 0, since i(P3(5)) = Pg(i(/)) = 0 by the
Cayley—Hamilton Theorem.

We define the norm and trace of B to be

N /q(B) = det(i(8))
Tri/o(8) = Tr(i(B))-

The norm and trace have the following properties:
Ng/g(aB) = Nk g(a) Nk g(5)
Try g(a+ B) = Trggla) + Tryo(B)
for all o, 6 € K. Also,
Ng/g(Aa) = AEUN o ()
Trrjg(Aa) = ATrg q(a)
for all A € Q and all o € K. Finally we have the formulae
Ng/g(@) = ((=1)%ao)*
Trg g(a) = —eaq-1,

where X% +ag 1 X% 1 4+ ... 4 a1 X +ag is the NMP of a over Q and e = [K : Q(a)].

Conjugates and embedddings
Let K = Q(«) be a number field of degree n and let f € Q[X] be the NMP of a. Then

n

FX) =][(X =)

i=1



where the «;, the conjugates of a, are all distinct. For each «; there is a corresponding embedding
0; : K — C sending « to a4, and these are all the embeddings of K into C.

We write r1 for the number of real roots of f, and r for the number of pairs of complex conjugate
roots. Then n = rq + 2rs.

The norm and trace of any 8 € K may be computed in terms of its conjugates, as

n

Niso(B) =[] o:(8) Trc)o(B) = Y 0i(B),
=1

i=1

since i(() is diagonalizable over K, with diagonal elements o;((3).

Discriminants

Let K = Q(«) be a number field and let f be the NMP of . Then the discriminant of f is

1 1 -1 1 a - ot
n—1
a1 Qo Op 1 ay - ay
disc(f) = [ (i-ey)?=] . . . o | =detA
1<i<j<n : : .
- - n—1 n—1 n—1 n—1
041 052 Oén 1 Qo Oén

where A = (A;;) and
Aij =Y oy = Trgjg(a'™) = Triggla'e).
k=1

Let wi,...,wy be a basis for K/Q. The discriminant of this basis is D(wy,...,wy,) = det A,
where A = (Ay) and Ajj = Trg g(wiw;). We have D(1, a,0?, ..., ") = disc(f).

If we have a change of basis, given by an element g € GL,,(Q), then A is replaced by g’ Ag and
the discriminant is multiplied by det(g)?. Thus we define the discriminant Disc(K/Q) as the
discriminant of any basis, modulo squares, that is

Disc(K/Q) = D(wy,...,w,) (mod Q*?) € Q/Q?,
which does not depend on the choice of basis. Note that for a number field K, Disc(K/Q) # 0.

A useful formula is

No(ye(f'(@) =TT f/(e)
i=1

= [11](i—ay

i=1 j#i

= (2 ] (o - ap?

1<i<j<n

= (—1)"(”_1)/2 disc(f).



Algebraic Integers

The ring of integers

Given a number field K, we want to identify a subring Ok to be an analogue of the subring Z
of Q. We want Ok to be finitely generated as a Z-module, and to be maximal subject to this
constraint.

We notice that any subring R which is finitely generated as a Z-module has the property that
for all & € R there exists a monic polynomial f € Z[X] such that f(«) = 0. With this in mind,
we define an element o € K to be an algebraic integer of K if o is the root of some monic
polynomial in Z[X], and we denote the set of all algebraic integers in K by O-.

An element o € K is an algebraic integer if and only if all the coefficients of the NMP of « are
(rational) integers. Therefore, if & € Ok, the trace and norm of « are (rational) integers.

Integral bases

Let K be a number field of degree n. We say that a basis a1, ..., a, for K over Q is an integral
basis if
Org =Zoy + -+ Zay,.

We shall show that every number field has an integral basis. First, however, we must show that
Ok is a subring. To do this we need the following lemma.

Lemma

Let K be a number field and let a € K. Then the following are equivalent:

1. a € Ok,
2. The additive group Z[a] is finitely generated,

3. There is a vector space V over K and a non-zero, finitely generated abelian subgroup
M = Zvi + -+ + Zv,, CV such that aM C M.

Using this lemma, we may prove the following theorem.

Theorem

Let K be a number field. Then

1. Ifayg,...,an € Og and f € Z[X1,...,X,] then f(aq,...,a,) € Ok.
2. Ok is a subring of K.

3. If € K is aroot of X" + a1 X" ' + .- 4+ a,, where a,...,a, € Ok, then g € Og.

In now remains to show that K has an integral basis. First we prove the following theorem,
which gives us a method of ‘approximating’ Og.



Theorem
Let K be a number field of degree n, with ay,...,a, € Ok a basis for K over Q. Then

ZOq—i—----l-ZOénQOKQZ%-F'--—FZ%,
where d = D(ay,...,ay) € Z.

In particular, if K = Q(«), where a € Ok, and f is the NMP of «, then

1
Zl] € O € 52Z]a),

where d = D(1, a,...,a"" 1) = disc(f).

We are now able to prove that any number field has an integral basis. So Ok is a subring which
is finitely generated as a Z-module, and since we have seen that every element of a ring which
is finitely generated as a Z-module is an algebraic integer, it is clear that Ok is maximal. Thus
Ok is indeed the ring we set out to define.

Subgroups of Z"

Let GL,,(Z) = {g € M,(Z) | det g = £1} be the group of linear automorphisms of Z".

A general Z-basis of Z" is of the form ey, ...,e,, where (e1]---|e,) € GL,(Z). More generally,
if vr,...,v, € Z" set g = (vi|- - |vn) € My (Z) and let L = Zvy + - - - + Zv, € Z™ be the lattice
generated by the v;. Then

det if det
(ZnL>: ’ eg| 1 eg#O
00 if detg = 0.

This follows from the Theorem on Elementary Divisors.

Z-lattices

Let K be a number field. A subgroup A of the additive group of K is called a Z-lattice in K if
there exists a basis aq, ..., a, of K over Q such that A = Zay + - - - + Zaw,, or equivalently, if A
is finitely generated and contains a basis of K over Q.

The discriminant of a Z-lattice
The discriminant of a Z-lattice A in K is
Disc(A/Z) = D(au, ..., an)

for a Z-basis oy, ..., a, of A. This is independent of the choice of Z-basis. The discriminant of
a number field K is
Dg = Disc(Ok/Z) = D(ay, ..., ay)

for any integral basis aq, ..., an,.

If A and B are Z-lattices in K with B C A, then
Disc(B/Z) = Disc(A/Z) - (A : B)%.

Therefore, if A is a Z-lattice in K with squarefree discriminant, then A = Ok.



Units

We wish to describe the group of units O} of Og. If o € Ok, then o € O} if and only if
Ng/g(a) = +1. Note, however, that there exist elements a € K \ O with norm 1.

Dirichlet’s Theorem on Units

Let K be a number field, with 1 and r9 as defined as above. Let r = r; + 79 — 1 and let p(K)
denote the group of roots of unity in K. Then

Ox = uwK)x7Z".

Thus there are elements €1,...,¢6. € OF, called the fundamental units of Ok, such that each
u € OF has a unique expression of the form

u=_Ceyt e,

where ¢ € u(K) and n; € Z.

Units in imaginary quadratic fields

Let K be an imaginary quadratic field. Then 1 = 0 and r2 = 1, and so 7 = 0. Then O, is

K =Q((H/-1) O = {*1, +i}
K =Q(v-3) Ok = {£1,+p, £p%}
K = other O = {£1}.

Units in real quadratic fields

Let K be a real quadratic field. Then r; =2 and ro = 0, and so r = 1. u(K) = {£1}, and so
OF ={%€" | r e Z},
where ¢ is the fundamental unit of Of.

An order in a number field K is a subring which is also a Z-lattice. A subring R C K is an
order if and only if R C Ok and (O : R) < co. Thus O is the unique maximal order in K.

In a quadratic field K, every order is of the form Ry = Z 4+ fOk for a unique f € {1,2,3,...}.
Ry is called the order of conductor f.



Algorithm for computing ¢

The following algorithm for computing € is based on the properties of continued fractions. Let
K = Q(v/d), where d > 2 is squarefree, and let

b Vd  ifd#1 (mod 4)
4 ifd=1 (mod 4).

Let f > 1 and let o9 = o = —ff. We want to compute the continued fraction expansion of a,
namely [ag, @1, -, Gm). To do this, we let
1
an = |an| and Qpt1 =
n — On

for each n > 0. Note that a, > 1 for each n. We continue until we find that a,,11 = a1, at
which point the sequence repeats.

Then we recursively compute the convergents to «, that is the values of p, and ¢, such that
Pn/qn = [ag, a1, ..., ay] with ged(pp, gn) = 1 and g, > 1, by using the formulae

Pn = Pn—10n + Pp—2
n = Qn—10n + gn—2

and building up a table like the one below:

n —2 -1 0 1 2 3 4
an aop ay as as a4
Pn 0 1
qn 1 0

Then the fundamental unit in Ry is

€f =Pm-1+ qm—1f0.



Ideals and Unique Factorisation

If K is a number field then it is not necessarily the case that Ok is a UFD. To make up for
this, we consider factorization of ideals in Q. We shall show that the non-zero ideals in O
factorise uniquely as a product of non-zero prime ideals.

Summary of properties of ideals

An ideal I in a ring R is a non-empty subset which is closed under addition, and closed under
multiplication from outside. Ideals are precisely the kernels of ring homomorphisms. I is a
prime ideal if I # Rand abe [ = a € I or b e I. I is a mazimal ideal if I # R and the only
ideal J D Iis J = R.

I is a prime ideal iff R/I is a domain and I # R. I is a maximal ideal iff R/I is a field (and so
I # R necessarily). Thus every maximal ideal is prime.

If I and J are ideals, then so are INJ, [ +J and IJ C INJ. If I = (aq,...,a,) and
J = (B1,...,0m) are finitely generated, then so are

I+J:(O(l,...,an”@l)"'?ﬁm)
IJ = (a1, ..., 0nfm).

Ideals behave in a similar manner to integers. We can think of the inclusion I O J as meaning
I'| J. Then I N J represents lem(7,J) and I + J represents hef(Z,J). Furthermore, if p is a
prime ideal and p O IJ, then p D I or p O J, so prime ideals behave like prime elements.

Properties of Ok

Our proof of unique factorisation of ideals below holds in fact for any Dedekind ring. Ok is a
Dedekind ring, which means, among other things, that

1. Ok is a domain (this is obvious).
2. Ok is Noetherian (and hence factorisation into irreducibles is possible).

3. The prime ideals in Ok are just (0) together with all the maximal ideals.

Some ring theory

In any ring, primes are always irreducible. In a domain in which factorisation into irreducibles
is possible — in particular, in Ox — factorisation is unique iff every irreducible is prime.

Any Euclidean domain is a PID, and any PID is a UFD.

A number field is a UFD iff it is a PID, but this is not easy to prove — it is a consequence of
the proof below (check this).

A motivating example (taken from Stewart)

In Q(+v/15) we have the following situation:

2-5=(5+V15)(5 — V15),



where all four of these factors are irreducible. Thus we do not have unique factorisation. In
a sense, the problem is that we have irreducible elements which aren’t prime — if 2, say, were
prime then 2 would divide one of the factors on the RHS of the equation and then that factor
wouldn’t be irreducible.

If we could introduce v/5 into the system then we could split up the factors as

2 = (V5+V3)(V5 - V3) (5+v15) = (V5)(V5 + v/3)
5= (V5)(V5) (5 - VI5) = (VB)(v5 - V3)

and we see that the two possible factorisations of 10 above were just given by different groupings
of our four new factors. So if we extend Q(v/15) to Q(v/5,v/3) then we have unique factorisation
of elements in Q(v/15) into primes in Q(v/5,v/3).

Now consider the situation from the perspective of ideals. We have that any a € Q(v/15) can
be written uniquely as a = p; - - - p,, for some primes p; € Q(v/3,/5). Hence we have

(a) = (p1-pn) = (1) (Pn),

a factorisation of a principal ideal in Q(v/3,v/5) as a product of more principal ideals. Now we
can intersect each ideal above with O@( J/15) to get a factorisation of ideals in Q(1/15) — but
these might not be principal ideals, for example we could get

(a) = (b1,b2)(b3, ba),

so this factorisation of ideals doesn’t necessarily give rise to a factorisation of the element a.

The non-principal ideals are like the v/5 factors we need to introduce.

Fractional ideals

A fractional ideal in K is a subset of the form al C K, where o € K* and I C O is a non-zero
ideal. There is an obvious multiplication defined on fractional ideals, by

(al)(3]) = aB(L]).
This is well-defined, as

1. If a, 6 € K*, then o8 € K*, and if I and J are non-zero ideals of O, then so is IJ.

2. If 04111 = 04212 and ,61J1 = ,62J27 then alﬂl(IlJl) = agﬂQ(IQJQ).

Furthermore, R = 1(1) is the identity element for this multiplication, and so the fractional ideals
in K form a monoid. In fact, the fractional ideals form a group, with inverses given by

IV ={z e K|zl C Og}.

This is a fractional ideal, for if o € I, af ™! is easily seen to be an ideal. The three main stages
in proving that the fractional ideals are a group are summarised below:

1. If II-! = O for all non-zero prime ideals p C O then it holds for all fractional ideals.
2. Let p € Ok be a non-zero prime ideal. Then p~! g Ok.

3. pp~! = Ok.



Proof of unique factorisation of ideals
Ezistence. Let
S ={I C Ok | I is a non-zero ideal, I # py - --p, for any r > 0 and non-zero prime ideals p; }.

If S # () then there exists a maximal element (w.r.t. inclusion) I € S, since O is noetherian.
Since I # O there exists a maximal ideal p such that I C p. Since p is maximal, it is also
prime. Set J = Ip~' C Ok; then I = Jp C J. But then the maximality of I implies that .J ¢ S
and so J =p;---p,. But then I =p;---p.p — a contradiction.

Uniqueness. Suppose that p1---p, =q1---qs. Then p; 2 q1---qs and so p; 2 q; for some i —
wlog we may assume that ¢ = 1. But since p; and q; are both maximal ideals it must be the
case that p; = q1. Multiplying by pl_l we see that po---p, = q2---qs. The result follows by
induction.

The Chinese Remainder Theorem

Let R be a ring and let Iy,...,I, € R be ideals such that hcf(l;,I;) = I + J = R for every ¢
and j. Then
R/(LNn---NI,)— R/L&---®R/I,

is an isomorphism. In particular, if py,...,p, C O are distinct non-zero prime ideals then the
canonical map
Ok /1" - py" — Ok /pi* ® - & Ok /py"

is an isomorphism.

Valuations

Let K be a number field and let z € K*. Then
(@) =[] o
for some distinct non-zero prime ideals p; and n; € Z, and we define
ordy, (z) = n;.
ordy has the following properties:
1. ordy(zy) = ordy(x) + ordy(y).
2. ordy(x +y) > min(ordy(z), ordy(y)).

3. € Og \ {0} <= ordy(z) > 0 for all non-zero prime ideals p.

Norms of ideals

If I C Ok is a ideal, then the norm of I is defined by

N(I):{o ?f]:(o)
(O = I) if I #(0).

The norm has the following two properties:
1. N((a)) = |Ng/g(a)| for all a € O.
2. N(IJ)=N(I)N(J).

For any n € Z, there are only finitely many ideals in O with norm n.



Decomposition of primes in Ok

Let p be a non-zero prime ideal in Og. The residue field of p is k(p) = O /p. This is a finite
field, of characteristic p > 0 for some prime p € Z. We say that p lies above p, and write p | p.
The degree of p is f(p) = deg(p) = [k(p) : F,], and so

N(p) =p/®.

Observe that if n € Z then
pl(n) <= nep < n=0€k(p) < p|n
So p | (p) but p 1 (q) for all primes g # p. Now fix a prime p and decompose (p) as
(p) =P pi

where the p; are distinct non-zero prime ideals. Then the p; are precisely the prime ideals lying
above p. We define the ramification index of p; to be e(p) = e;. We say that p; is ramified if
e; > 1, or unramified otherwise. p is called ramified if there exists a p lying above p such that p
is ramified.

Finally, if

)= [T

plp

as above, then
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The Ideal Class Group

The ideal class group of K, written Clg, is the group of equivalence classes of fractional ideals
in K, where two fractional ideals I, J are said to be equivalent, written I ~ J, if there exists
a € K* such that I = (a)J. Every ideal class has a representative I C Ok.

The ideal class group is always finite. The class number of K is hx = |Clk]|.

Minkowski’s Theorem

Suppose S C R™ is centrally symmetric, convex and measurable. If I' C R” is a lattice such that
vol(S) > 2" vol(R"/T)

then there exists a non-zero point & € I' N S. Moreover, if S is also compact then such an «
exists when

vol(S) = 2" vol(R"/T").

Proof of the finiteness of the ideal class group

See lecture notes.

The Minkowski bound

Every class in Clg is represented by an ideal I C Ok with

! 2
N(I) < % (4> ‘DK’1/2-
n

s

The Minkowski bound gives us a lower bound on the discriminant of a number field.

The Kummer—Dedekind Theorem

Let K = Q(«) be a number field with o € Of. Let f be the minimal polynomial for o over Q
and let p be a prime number such that p{ (Ok : Z[a]). Write

Jegign

in IF,[X], where g; are distinct irreducible monic polynomials. Choose representatives g; € Z[X]
for the g; and put p; = (p, gi(a)) € Ok. Then py,...,p, are distinct prime ideals in Ok with

f(pi) = deg(pi) = deg(gi),

and (p) decomposes as
(p) =p1" by

Consequences

1. Under the assumptions of the Kummer—Dedekind Theorem, p is ramified in K/Qiff p | Dg.

2. Only finitely many primes p ramify in K/Q.
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Quadratic Fields

There follows a collection of results regarding quadratic fields.

Quadratic extensions
Let K/Q be a quadratic extension. Then K = Q(«), where o € K has minimal polynomial
f(X)=X?+bX +c

over Q. Since f is irreducible, b?> — 4c is not a square in Q. Thus a = (—b £ /b2 — 4c)/2 and
so in fact K = Q(\/&), where d = b? — 4c € Q. Furthermore, we may assume that d € Z, by
multiplying by the square of the denominator of d, and we may assume that d is squarefree, by
dividing by any repeated factor. The resulting d cannot be 0 or 1 since otherwise d would have
to have been a square originally.

Conversely, if d € Z \ {0, 1} is squarefree, then v/d has minimal polynomial
FX) = X* —d
over Q and hence Q(v/d)/Q is a quadratic extension.

Therefore the quadratic number fields are just Q(v/d), where d € Z \ {0,1} is squarefree. If we
have two such values d; # da then it is easy to see that Q(v/d) # Q(v/da).

In what follows d is assumed to satisfy this condition and K is taken to be Q(v/d).

The ring of integers

Let a = a + bVd € K, where a,b € Q. Then either

1. b =0, in which case o € Ok iff a € Z, or

2. b # 0, in which case « satisfies (X — a)? — b*d = 0, and so since a ¢ Q the minimal
polynomial of « is
X% — 24X + (a® — b2d).

But a € Ok iff the minimal polynomial of « is in Z[X], and so a € Ok iff
20 € Z
a® —b*d € Z.
Now either

(a) a € Z, in which case b?d € Z and, since d is squarefree, b € Z, or

(b) a € Z+ 1, in which case b?d € Z + %. But then (2b)’d € 4Z + 1 and so b € Z + §

and d =1 (mod 4).

Therefore, if d # 1 (mod 4) then o € O iff a,b € Z, and if d = 1 (mod 4) then a € Ok iff
a,beZor a,beZ+ % We may summarise this as

O — Z+7ZVd  ifd#1 (mod 4)
K= Z—{—ZH'T\/g ifd=1 (mod 4).

If we define

1+T‘/E ifd=1 (mod 4)
then O = Z + Z6 and so {1, 60} is an integral basis for K.

9:{\/& ifd#1 (mod 4)
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The discriminant
The minimal polynomial for 6 is
X2 —d ifd#Z1 (mod 4
foo =X e AL modd)
X - X+ 5% ifd=1 (mod4).
and so the discriminant of K is
4d ifd#1 (mod 4)
d ifd=1 (mod 4).

Norm and trace

Write a + bv/d to mean a — bv/d, the conjugate of a + bv/d. Then

Nk oz +y0) = (z + y0)(x + y0)

= (z +y0)(x + y0)
e —dy? ifd#1 (mod 4)
B 22 +ay+ (54)y? ifd=1 (mod 4)

and
Tri gz +y0) = x Tri/g(1) + y Tr/g(0)
2z ifd#Z1 (mod 4)
l2z+y ifd=1 (mod4).

A simpler expression is
Ng/gla + bWd) = a* — db?
TI'K/Q(CL + b\/;i) = 2a.

Units

Let K be an imaginary quadratic field (d < 0) and let @« = x + yf. Then « is a unit iff
Ng/g(a) = £1. Now if d Z1 (mod 4) then

Ng/gla) =2 + (—d)y* = £1
andsox =41, y=0,ord=—-1land x =0,y ==+1. If d=1 (mod 4) then
Ng/gla) = 2+ xy + (1%‘1) y? = +1
2z +y)? + (—d)y* = +4
andsox =41,y=0,ord= -3 and eitherz =0, y=+1l,orx=1,y=—-1,orz=—-1,y=1.

To summarise, the units in an imaginary quadratic field are

{1, £i} iftd=-1

{£1, +p, 0%} ifd= -3

{£1} otherwise
where p = 1+‘2/j3.
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Now let K be a real quadratic field (d > 0). The only roots of unity in Ok are £1, since K C R.
Therefore by Dirichlet’s Units Theorem, the units in Ok are

O ={£e" |reZ},

where € is a fundamental unit, computed using the algorithm described on page 6.

The ideal class group

Here are the class numbers of some quadratic fields: h gives the class number of Q(v/d) and A/
gives the class number of Q(v/—d).

d h W d h W d h W d h W
1 - 1 26 2 6 53 1 6 78 2 4
2 1 1 29 1 6 95 2 4 79 3 )
3 1 1 30 2 4 57 1 4 82 4 4
) 1 2 31 1 3 o8 2 2 83 1 3
6 1 2 33 1 4 59 1 3 8 2 4
7 1 1 34 2 4 61 1 6 8 1 10
10 2 2 35 2 2 62 1 8 87 2 6
11 1 1 37 1 2 65 2 8 8 1 12
13 1 2 38 1 6 66 2 8 91 2 2
14 1 4 39 2 4 67 1 1 93 1 4
15 2 2 41 1 8 69 1 8 94 1 8
17 1 4 42 2 4 70 2 4 95 2 8
19 1 1 43 1 1 71 1 7 97 1 4
21 1 4 46 1 4 3 1 4
22 1 2 47 1 ) 4 2 10
23 1 3 o1 2 2 71 8

In fact, the only imaginary quadratic fields which are UFDs are Q(v/d) where d = —1, —2, —3,
—7,—11, —19, =43, —67 or —163. If d = —1, —2, —3, —7 or —11 then Q(V/d) is norm-Euclidean;
if d =19, —43, —67 or —163 then Q(v/d) is not Euclidean.

The real norm-Euclidean quadratic fields are precisely those with d = 2, 3, 5, 6, 7, 11, 13, 17,
19, 21, 29, 33, 37, 41, 55 or 73. It is not known whether there exists a real quadratic field which
is Euclidean but not norm-Euclidean.

Decomposition of primes: the Kummer—Dedekind Theorem

Let 8 = V/d, so the minimal polynomial of 3 is g(X) = X? — d and (Ok : Z[B]) < 2. Let p be
an odd prime. Then

1. If p| d then X2 —d = X? (mod p).
2. If pfd and d is not a quadratic residue modulo p then X2 — d is irreducible modulo p.
3. If d = a® (mod p) then X? —d = (X — a)(X +a) (mod p).

Thus by the Kummer—Dedekind Theorem,

1. In case (1) we have that (p) = (p, Vd)?.
2. In case (2) we have that (p) is prime.
3. In case (3) we have that (p) = (p,Vd — a)(p, Vd + a).
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