Representation Theory

Representations

Let G be a group and V' a vector space over a field k. A representation of G on V is a group
homomorphism p : G — Aut(V). The degree (or dimension) of p is just dim V.
Equivalent representations

Let p: G — Aut(V) and p' : G — Aut(V’) be two representations of G. Then a G-linear map
from p to p’ is a linear map ¢ : V' — V' such that

po(p(g)) = (p'(9)) o ¢
for all g € G, or equivalently such that the following diagram commutes:

v p(g) v

o) e

! > !
4 o' (g) v

If additionally ¢ is an isomorphism of vector spaces then we say that ¢ is an isomorphism from
p to p', and that p is isomorphic to p’. Notice that ¢ : V — V' is an isomorphism from p to p
iff =1 is an isomorphism from p’ to p, so isomorphism is an equivalence relation.

Notation

If g € G and v € V, we often write gv instead of p(g)v. In this notation, ¢ : V. — V' is an
isomorphism iff

go(v) = ¢(gv)
forall g€ G and all v € V.

Subrepresentations

If G acts on V', and W is a subspace of V' such that g(W) C W for all g € G, then we say that
W is a subrepresentation of V.

A subrepresentation of V' is trivial if it is 0 or V, or non-trivial otherwise.

Irreducible and indecomposible representations
A representation is called irreducible if it has no non-trivial subrepresentations.

V is a direct sum of W and W/, written V. =W @ W', if W and W’ are subrepresentations of
Vand V = W @ W' as vector spaces. Given a representation V', we want to break it up into
smaller pieces, that is, write is as

V=waeW,o. --oW

where each W; does not break up into smaller pieces.



We say that a representation is indecomposible if it is not a direct sum of smaller representations.
If V is indecomposible then it is irreducible, but the converse does not follow in general.

Permutation representations

Let G act on a set X. Then the permutation representation of G with respect to this action,
k[X], is a | X|-dimensional vector space over k with basis {e, |z € X}. The action of G on this
vector space is defined by

g€x = €gx
for all g € G and all z € X. k[X] is never irreducible, for the 1-dimensional subspace spanned
by > .cx €z is invariant under G.

Faithful representations
If p: G — Aut(V) is a representation then the kernel of p is kerp = {g € G | p(g) = id}.

A representation of G is faithful if ker p = {1}; in this case we say that G acts faithfully on V,
and G is isomorphic to a subgroup of Aut(V'). Note that ker p < G, so if G is simple then every
non-trivial representation is faithful.

If G is a finite group then it posesses a faithful finite-dimensional representation. For G acts on
itself faithfully by left-multiplication; thus the permuation representation k|G| for this action is
faithful.

Complete reducibility

Let G be a finite group and V a representation of G over a field of characteristic zero. Then

1. If W C V is a G-invariant subspace then there exists a G-invariant complement to W.

2. V is irreducible <= V is indecomposible.

Proof

1. Let W’ be any vector space complement to W. Let m : V' — W be the projection of V
onto W defined by m(w + w') = w for all w € W and w' € W', and define

7(v) = |G| Zgﬂ'(g*lv) .

geG
Then

(a) If v € V then 7w(v) € W, and if w € W then 7(w) = w, so 7 is a projection onto W.
(b) im7 =W and 7|y = id, so
kerr@imm =V.
(c) ForallveV
hiw(v) =|GI7 Y hgm(g~'v) =|GI7" ) (hg) m((hg) ™ hw) = 7 (hv)
geG geqG
so 7 is G-linear.

(d) If #(v) = 0 then h7(v) = w(hv) = 0, so ker 7 is G-invariant.

Hence ker 7 is a G-invariant complement to W.

2. This follows easily from (1). O



Characters

For the whole of this sections, all groups will be finite and all representations will be on finite-
dimensional vector spaces over C.

Definition
If p: G — Aut(V) is a represention, the character of p is the function

x:G—C
g+— tr(p(9))-

Properties of the character

1. x does not depend on a choice of basis for V.
2. If p and p' are isomorphic representations then x,(g) = x,(g) for all g € G.
3. x(1) =dim V.

x(hgh™1!) and so Y is constant on conjugacy classes of G.
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5. x(9) = x(g71).

6. Xpap (9) = Xp(9) + X (9)-

The space of class functions

A class function on G is a function f : G — C which is constant on conjugacy classes of G. So
if V' is a representation of G over C then x is a class function on G. We write Cq for the set of
all class functions on GG. This is a complex vector space, with a basis

bp:G—C

1 ifgeO
gl—)
0 ifgé¢O

where O ranges over the conjugacy classes of G.

We can define a Hermitian inner product on Cg by

(Y =167 F9)f (9)-

geG

If p and p' are irreducible representations, then

, 1 if p is isomorphic to p’
06X = L . . ,
0 if p is not isomorphic to p'.

Thus the irreducible characters form part of an orthonormal basis for Cg, and so the number of
distinct irreducible reresentations is at most the number of conjugacy classes of G. In fact, the



irreducible characters form an orthonormal basis for Cg, and hence there are precisely as many
distinct irreducible representations as there are conjugacy classes of G.
Consequences of orthogonality

If p is an arbitrary representation of G with character y, and xi,...,xx are the distinct irre-
ducible characters, then by complete reducibility

X =mni1Xx1+ -+ NEXk-

for some n; € N. Therefore (x, x;) = n; by orthogonality, and so

X = an‘Xz‘

where n; = (x, xs). Thus

1. In any decomposition of p into a sum of irreducible representations, each irreducible rep-
resentation occurs the same number of times.

2. If p and p’ are representations of G with the same character, then p = p'.

3. With n; defined as above,
(ox)=> ni

and so p is irreducible iff (x, x) = 1.

The regular representation

Any group G acts on itself by left-multiplication. The permutation representation of this action
is called the regular representation of G. If x is the character of the regular representation of G

then
(g) = |G| ifg=1
X9 = 0 otherwise.

Hence
C[G] = (dim p1)p1 ® - -+ ® (dim p) px,

and in particular

|G| = Z(dimpi)Z.

Column orthogonality
Fix g and h € G. Then
— |Ca(h)| if g is conjugate to h
> xlox() = o )
0 if g is not conjugate to h.

X irreducible

This is a formal consequence of the orthogonality of characters.



Proof of orthogonality

First we need the following lemma.

Theorem (Schur’s Lemma)

Suppose that (p, V) and (p/, V') are irreducible representations of G over C, with characters x
and X’ respectively. Suppose that ¢ : V — V' is a G-linear map. Then

1. Either ¢ is an isomorphism or ¢ = 0.

2. If ¢ : V — V is an isomorphism then ¢ is multiplication by a scalar A € C, and so

C if p is isomorphic to p/
A O
0 if p is not isomorphic to p'.

Proof

1. Observe that ker ¢ is a subrepresentation of V' and im ¢ is a subrepresentation of V’. Since
V and V' are both irreducible, ker ¢ = 0 or V and im ¢ = 0 or V’. The result follows.

2. Since C is algebraically closed, ¢ has an eigenvalue A and an eigenvector v for A. Then
¢ = ¢ — Al is also a G-linear map V — V. But ¢(v) = 0 and so ker ¢ # 0. But then since
V' is irreducible, ker ¢ = V and so ¢ = Al. O

Now let (p,V) and (p', V') be as above and let ¢ : V — V' be any linear map. Define

Avo =G> g g

geG

Then Av ¢ is a G-linear map. Furthermore, tr(Av¢) = tr¢, so in particular if tr¢ # 0 then
Av ¢ # 0.

Now on to the main part of the proof. Choose bases for V and V' and write p(g) and p'(g) as
matrices with respect to these bases. Then

0ex) =167 x(9)X'(9)

geG

=G tr(p(g))tr(p(g))

geG
=G p(9)ar' (97155
geG
/L"j
To be continued...

Observe in passing that a consequence of Schur’s Lemma and the orthogonality of characters is
that if (p, V') and (p’, V') are two representations of G with characters x and y’, then

dim Homg (V, V') = (x, X').



Operations on characters

Motivation

Let f, f' € Cq. Then the following operations are defined:

e inner product: (f, f/)

o sum: (f+ f')(g9) = f(g9) + f'(9)
e involution: f*(g9) = f(g™!)

e product: (ff)(g) = f(9)f'(9)-

Note that X,g, = Xp + X, s0 that the sum of characters has a representation theoretic inter-
pretation — but what about the others? We shall define the dual of a representation and the
tensor product of two representations accordingly.

The dual of a representation

If p is a representation of G on V| we can make G act on the dual vector space V*. Define the
dual representation p* of p by

(p*(9) &) (v) = d(p(g~ ") v).

By considering the matrices of p and p’ with respect to a pair of dual bases, we see that the
matrix of p*(g) is the transpose of the matrix of p(¢g~1), and so x,(g) = x,(g7!) = X, (9)-

Note that in general there is no G-linear isomorphism between V and V*. In fact, V = V* iff
Xv = Xv, that is, if xy(g) € R for all g € G.
The tenor product

Let V and W be vector spaces over k, with bases vi,...,v,, and wy,...,w, respectively. Then
we define the tensor product of V and W to be the vector space V' ® W with basis v; ® w; for
1<i<mand1l<j<n.Sodm(V®W)=dm(V)dim(W).

We define a bilinear map V x W — V @ W by defining it on a basis as
(’Uz‘, wj) — U; (=) ’U}j

and extending linearly, so

(Z Aivi, Z Mjwj) — Z Aitej (v; @ wy).
We denote the image of (v,w) € V. x W by v ® w.
An important property of tensor products is that for any vector space U over k, there exists a
bijection
{bilinear maps V x W — U} — {linear maps VW — U},

and V ® W is the unique vector space with this property. We say that ‘the tensor product is
universal for bilinear mappings’.



If f:V—>Vand f': W— W are linear maps, we can define a linear map (f ® f’) as

VoW — VW
v @ wj — f(v;) ® f'(w;).

Then

L.v@wr f(v)® f(w) for all v € V and all w € W.
2. tr(f @ f) = te(f) tr(f).

Symmetric and exterior powers

We may define a linear map o : V®V — V®V by
v; QUi — v; Q vy,

sov®v v @ for all v,v’ € V. Then 02 =1, and so (0 — 1)(¢ + 1) = 0. Hence o has the
two eigenvalues +1 on V' ® V. Define

S’V ={acV®V|oa=a}
NV={acVeV|sa=—a}

to be the two eigenspaces of 0. These are called the second symmetric power and the second
exterior power of V respectively. S?V has the basis

Vv = U; @ Vv + U @ v; (I1<i<j<d)
and so dim(S2V) = d(d + 1)/2, where d = dim V. A?V has the basis
v; ANV = 1; @ Vj — v @V (1<i<j<d)
and so dim(A? V) = (d — 1)d/2. Hence
VeV =_S8WVaAv.
In general, we write V" to mean V ® --- ® V, and for each w € S,, we define a linear map

o, VO — VEn by

U’il ®®U’Ln }—)’in(l) ®®U7fw(n)

Then we define

S"W ={ac V¥ |opa=a foralweS,}
={acV®|o,a=a forallw=(i (i+1))}

N'V ={aecV® |o,a=sgn(w)a forallweS,}

={a eV |o,a=—a for all w = (i (i+1))},
" dim(S"V) = (dz 1) dim(A" V) = <Z>



The tensor product of two representations

Let (p,V) and (p/, V') be two representations of G. Then the tensor product p @ p’ of p and p/
is defined by
(r@p')g) = rlg) ®p'(9).

p® p is a representation of G on V@ W.

Further, S™V and A"V are subrepresentations of V®". In the case n = 2,
VeV =5VaeAV

and the characters of S2V and AV are

|(x(@)) + x(6?)]

|(x(9))? = x(9%)] -

Xs2y =

NN

XAV =



Induction and Restriction

Induction

Let G be a finite group and let H < G. Given a representation V of H we define the induced
representation as

Ind$ V = Homp (CG, V)
={f:G—>V|f(hg) =hf(g) forallh e H, g € G},

the space of H-linear maps from CG to V. G acts on Indg V in the following manner: If x € G
and f: G —V € Homy(CG,V) then

(@ * f)(g) = f(g2).

Properties of the induced representation

Let V be a representation of H and let x be its character. Then

1. dimInd% V = |H\G|-dimV = (|G|/|H]) - dim V.
2. If }/ is the character of Ind%, V then
X@ == > xgzg™)= > xlgzg™).
geG HgeH\G
grg~teH Hgx=Hg
Restriction
Let G be a finite group and let H < . Given a representation W of G we get a representation
Resg W of H just by resricting the domain of the representation to H.
Frobenius reciprocity

Let V be a representation of H with character x and let W be a representation of G with
character x’. Then

<X,a Indg X>G = <Resg X,7 X>H

and
Homg (W, Ind$% V') = Homp (Res$ W, V).

The Mackey formula

See lecture notes.



Compact Groups

A topological group is a group which is also a topological space, and where the group operations
are continuous maps with respect to this topology. A compact group is a topological group which
is compact as a topological space.

A representation of a topological group is a continuous group homomorphism p : G — Aut(V)
for some finite dimensional vector space V. (In fact every representation of a compact group is
also differentiable — but we won’t prove this.)

Note that every finite group G is a compact group with the discrete topology, and that with
this topology every representation of GG in the old sense is continuous and so is a representation
of G as a topological group.

Haar measures

A linear function fG : {continuous functions G — C} — C given by

f(g) — /G f(9) dg

is called a Haar measure if

1. [o1dg=1 (ie. the “volume” of G is 1), and

2. [ is translation invariant, that is [, f(xg) dg = [ f(g) dg for all z € G.
Every compact group has a Haar measure.

Properties of representations of compact groups

Using Harr measure instead of averaging over all the elements of the group, the theorems for
finite groups carry over to compact groups. In particular, if G is a compact group then:

1. Every finite dimensional representation of GG is a sum of irreducible representations.
2. (Schur’s Lemma) If p and p’ are irreducible representations of G, then

C ifpxyp

0  otherwise.

Homg(p, p') = {

3. Let Cg be the set of all class functions on GG, where we now require a class function to be
continuous. If p is a representation of G then the character y is a class function and if we
define a Hermitian inner product on Cg by

. f) = /G £(9)7(g) dg

then the distinct irreducible characters form an orthonormal basis for the Hilbert space
Cq. All the consequences of this theorem are also still valid.

4. If G is abelian then every irreducible representation is one-dimensional.

5. If G and H are compact, and V and W are irreducible representations of G and H
respectively, then V' ® W is an irreducible representation of G x H.
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The Groups S! and SU,

Representations of S!

The group
S'=U(C) = {AcGLy(C) | AAT =T}

is a compact group.

The one-dimensional representations of S are the maps z — 2" for n € Z, where we identify S*
as the unit circle in C, and GL;(C) with C itself. These are all the irreducible representations,
and every finite dimensional representation is a direct sum of these.

The group SUs

The group
SU, = {A € GLy(C) | AAT =1, det A =1}

is a compact group. In fact

SU, = {(_(LB b) S GLQ((CHCLC_L—I-Z)B: 1},

a
and so SUs is isomorphic to a 3-sphere.

Conjugacy classes of SU,

The centre of SUy is

o~} )}

T:{<“ 91> laeC, aazl}CSUQ,
0 a

the set of diagonal matrices in SU;. Then T' 2 S' is called a mazimal torus in SUy. Every
conjugacy class in SUs meets T'. In fact if O is a conjugacy class in SUs then

ONT = @ if O C Z(SUy)
{x,z~'} if O isn’t central,

Define

where ¢ has eigenvalues A and A~! and

/X0
=0 A1)

Thus there exists a bijection between the set of conjugacy classes in SUz and the interval [—1, 1],
given by

g Lir(g) = S+ A7),
Now let

Oy = {g € SUs | tr(g) = 1},

where —1 <t < 1. Then Oy is a conjugacy class in SUs, and these are all the conjugacy classes.
If t = +1 then Oy = {£I} and if —1 <t < 1 then O; = 52,

11



Representations of SU,

(f.d.) Representations of SUy are precisely polynomials with integer coefficients which are sym-
metric in z and 27!, The irreducible reps are the ones 2™ + 2" "2 4 2" 4 4 ... 4 2270 4 77,
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Lie Algebras

sl, = {n x n matrices A over C| tr A = 0}. It is a vector space over C.

sl is not generally closed under multiplication, but AB — BA is in it. This is the Lie bracket.

SO R I (4]

We have the relations
[h,e] = 2e, [h, f] = —2f, e, f] = h.

sl has a basis

Definition of a Lie algebra and their representations. Examples.

Explanation of Lie algebras

The Lie algebra corresponsing to a group is ‘the tangent space at 1 € G’ and more back-
ground /motivational stuff

Relation between reps of groups and reps of their Lie algebras.

The Lie Algebra sl

Irreducible modules: weight spaces, highest weight vectors

Complete reducibility for f.d. reps of sl
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